A numerical model is presented for computation of unsteady two-fluid interfaces in nonlinear porous media flow. The nonlinear Forchheimer equation is included in the Navier-Stokes equations for porous media flow. The model is based on capturing the interface on a fixed mesh domain. The zero level set of a pseudo-concentration function, which defines the interface between the two fluids, is governed by a time-dependent advection equation. The time-dependent Navier-Stokes equations and the advection equation are spatially discretized by the finite element (FE) method. The fully coupled implicit time integration scheme and the explicit forward Eulerian scheme are implemented for the advancement in time. The trapezoidal rule is applied to the fully implicit scheme, while the operator-splitting algorithm is used for the velocity-pressure segregation in the explicit scheme. The spatial and time discretizations are stabilized using FE stabilization techniques. Numerical examples of unsteady flow of two-fluid interfaces in an earth dam are investigated.
INTRODUCTION
Recently, the level set method has been recognized as a versatile method in solving problems of multiphase flow that are encountered in many engineering applications ( [1] - [4] , [13] - [14] ). The authors, in a series of publications, have presented an Interface Capturing Technique (ICT) for solving problems that involve propagation of fluid-gas or fluid-fluid interfaces in porous media flow ([5] - [8] ). In the articles, the interfaces are simulated by using the advection equation derived from the level set method (LSM). The LSM represents an initial value problem (IVP) of the Hamiltonian-Jacobi PDE type [15] , which can be solved by using any hyperbolic numerical scheme. Steady flow analyses are presented in recent publications with different artificial time integration methods for the initial value problem. Accordingly, the formulations can be used for real-time applications. In this paper we intend to couple the regularized IVP with the time-dependent Navier-Stokes equations ( [11] [16] [17] ) in order to solve transient flows in porous media that are associated with propagation of two-fluid interfaces. The formulation is performed on a fixed mesh domain where the Eulerian perspective constitutes the main framework.
The coupled system of equations obtained is strongly nonlinear and an efficient iterative solver is needed to solve it. Hence, the Newton-Raphson method with the fully implicit time integration scheme is used to advance the system in time. The large coupled linearized system of equations is solved by using the GMRES updating technique. A fully explicit time integration scheme based on the operator splitting method is also reviewed and discussed for the advancement in time.
In Section 1 we review the governing flow equations and the IVP. The finite element (FE) formulations and the stabilization techniques are presented in Section 2. The fully coupled time integration scheme and the explicit time integration method are described in Sections 3 and 4. Numerical examples are presented in Section 5. Finally, conclusions and remarks are given in Section 6.
GOVERNING EQUATIONS
The governing equations are the time-dependent Navier-Stokes equations of incompressible flows in porous media, which are briefly reviewed here. The space and time domains are denoted by Ω and (0,T) respectively, and Γ denotes the boundary of Ω. The velocity u(x,t) and the pressure p(x,t) are governed by the momentum and mass balance equations:
The body force due to gravity is denoted by f and the effective porosity of the porous medium is denoted by n e , while Newtonian fluid, the deviatoric stress is assumed proportional to the fluid rate of strain tensor, which is defined as
Hence, the stress tensor for a fluid with dynamic viscosity µ is defined as follows:
To model fluid-gas interfaces, we consider two immiscible fluids, l and g, with densities ρ l and ρ g, viscosities µ l and µ g . An interface function φ serves as a sign function that identifies the fluid-gas domain by the following simple definition: φ = {1 for fluid and -1 for gas}. The interface between the two fluids is approximated to be at φ = 0, and accordingly the phasedependent variables are defined as
The evolution of the interface function is governed by the regularized time-dependent advection equation
The velocity field advects the level set function in multiphase flow problems. However, the velocity field is affected by the configuration of the volumes of different density and viscosity, and in some flow cases, the surface tension forces act as a source force. The position and the shape of the interface determine the distribution of these phase-dependent variables.
A characteristic function is used to smooth the transition on the interface. The characteristic function is simply the modified Heaviside function H h (φ(x,t)) where the subscript h denotes the size of the mesh:
Hence, the phase-dependent variables are set by the characteristic function as:
A set of boundary conditions, a divergent free initial condition for the velocity field, and an initial profile of the interface function are specified for the solution of the equations (1) - (7).
FE FORMULATIONS AND STABILIZATION TECHNIQUE
In order to formulate the stabilized finite element, we assume that we have some appropriately defined finite-dimensional function spaces for the trial and weighting functions corresponding to velocity, pressure and the interface function. The trial function spaces are denoted by , and . The stabilized FE formulation of Eqs. (1) and (5) is to find
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where G h are the boundary conditions associated with the momentum equation. The terms τ PSPG and τ φ are the stabilization parameters ( [5] - [7] , [16] ), which depend on the velocity, the time step and the size of the mesh.
FULLY COUPLED IMPLICIT TIME INTEGRATION METHOD
The fully implicit time integration method has been described very comprehensively in the literature, and modifications are introduced in many applications ( [9] [10] [16] ). The FE discretization ( [5] - [8] ) results in a large coupled system of nonlinear equations that need to be solved at every time step of the simulation. The Newton-Raphson iteration is used to linearize the system of equations; then the GMRES ( [6] - [8] , [17] ) is used to solve the linearized system of equations. The implicit scheme is constructed by using the θ-rule where different implicit schemes can be approached by various settings of the stability θ-parameter. Normally we set θ = 0.5. However, θ can be set to 1 in the advection equation as well as for the pressure updating. The time discretization starts with the time derivatives, which are represented as follows:
Here ∆t is the time step size between time levels n and n+1. In this time discretization, the functions u h , p h and φ h are represented using the θ-rule as follows:
The finial-coupled system of finite element equations obtains the form:
The construction of the matrices M, A, B, C, C α , N, S, T α , D, Y, and the vector force F are identical with the matrices obtained in the stationary analysis (see e.g. [5] - [7] ). The matrix E is the regularization matrix. The indices i,j = 1, 2, 3 and Φ , , i p u are the time-dependent nodal values. We observe that the obtained system is nonlinear and non-symmetric. We further notice that Eq. (9) is coupled to the other field of the equation by the nonlinear terms ( )
Furthermore, it is related implicitly to the system of equations above by the density ρ, viscosity µ and porosity n p of the flow domain.
EXPLICIT TIME INTEGRATION METHOD
The use of explicit time integration is not possible when an artificial compressibility is implemented in the continuity equation, due to the small time increment required for the stability; however, the same restriction does not apply in the event that a mixed formulation is used ( [9] [11]). The fully explicit time integrator in this paper is based on the forward Euler scheme that is used to solve the time-dependent problem. This scheme has a potential ability to reduce the time of the computation, especially for large-scale and higher-dimensional problems. For the purpose of describing the explicit time integration scheme and the operator segregation algorithm, the obtained discretized and stabilized system of equations can be written as 
In order to use Eq. (14) to advance the velocity, the pressure at time t n+1 has to be computed; this is done by the CBS method. Hence, combining the momentum equation with the time- 
With n u that satisfies T = C u 0 , the sequence of steps of advancing the velocity and pressure from t n to t n+1 is thus 
The presence of 1 L − M in the above equations required the use of a lumped mass matrix. The system of equations is completed with a set of initial, necessary and essential boundary conditions. The explicit Euler method, while simple and fast, has one serious drawback as all the explicit methods do -it is only conditionally stable. The integration may become unstable if any of the several stability limits are exceeded. The stability limits come from the analysis of the constant coefficient in the advection diffusion equation via second-order centered finite differences on a grid with fixed mesh size in all directions. The most common stability limits are as follows:
According to Gresho [9] the pressure and the associated continuity equations have little or no effect on the stability of the explicit scheme, and a subcycling strategy -which permits less frequent updates of the pressure and a concomitant savings in computer time -can be devised. Our experience has shown that there are still problems with the updating of the pressure even when a very small incremental time is used. However, the small subcycling time step must be at least two orders less than the main time step; otherwise there is no subcycling. For describing the subcycling step, we start with a mass adjustment process that can be invoked as follows: 
where n λ +1 is a vector of Lagrangian multipliers that can be obtained by first solving the linear system,
This procedure has been shown to be a minimal-least square of the velocity adjustment from u is not. The compatible pressure field can be obtained by solving an equivalent linear system for n p and then using the mass-consistent velocity field to get 1 n+ p . Furthermore, the subcycling approach can only be effective when the solution reaches the steady state. However, the above formulations have shown numerical instabilities due to pressure updating, particularly for the time-dependent problem in nonlinear porous media flow. Although the PSPG is included in the FE formulations, there are still spurious pressure features while advancing in time. One effective measure to smear the spurious effects of the pressure is to apply mixed FE formulations ( [9] [11]). The mixed FE formulations are considered beyond the scope of this paper. Hence, the fully explicit method will not be discussed further.
NUMERICAL EXAMPLES
In this section, we present the performance of the numerical technique by solving two cases of transient motion of the interface in nonlinear porous media flow. The first example evaluates the mass conservation properties of a discrete two-fluid system, by simulation of transient flow in a small embankment dam, which undergoes a gradual emptying process of the dam reservoir. The second example shows a more engineering-oriented application of the technique by simulation of a large-scale problem of rapid change in the interface motion.
Gradual emptying of a dam reservoir
This test problem is a potential evaluation of the technique for modeling transient motion of sharp physical interfaces in nonlinear porous media flow. The flow domain, described in Fig.  1 , is assumed homogeneous with high permeability, where the permeability is K x = K y = 0.1 m/s. The density ratio is set to 10 9 in order to reveal free surface flow characteristics for the problem, while the viscosity ratio is set to 1000 and the effective porosity ratio is set to 1.25. The computations are performed using 441 nodes with 400 quadrilateral bilinear elements. The computed unknowns are 1644. At each time step, five nonlinear iterations are performed in order to achieve the convergence rate.
Rapid filling of a large-scale dam reservoir
This example demonstrates a long-duration transient flow in a large-scale dam. The dam considered in 2D is subjected to a filling process. The flow domain is shown in Fig. 3 . The reservoir of the dam is assumed empty at t = 0, then instantaneously filled to the maximum free board of 11 m within a short time. The front of water then starts to advance with time in the dry zone of the flow domain. The flow domain is assumed homogeneous and isotropic, with low material permeability of K x = K y = 1.0×10 -4 m/s. The density and the viscosity ratios are the same as in the first example. The effective porosity ratio is 1.35. The advancing of the front in the dry zone is expected to take a long time corresponding to the large scale of the dam that is described in Fig. 3 . The development of the phreatic surface, the pressure distribution and the velocity vectors are illustrated in Fig. 4 . The increase in the reservoir level results in an increase in pore-water pressure with time. This is demonstrated by the advancement of the front in the domain. Since the dam is large, the advancement has taken a long time to reach the steady state (nearly 10 days).
The water The computations in this example are also performed using 441 nodes and 400 quadrilateral bilinear elements with 1644 nodal unknowns. The total computation time for this numerical example has been more than 34 hrs using a 400 Mhz CPU while, at each time step, seven nonlinear iteration steps are performed to achieve the convergence rate of 10 -8 .
CONCLUSION
In this paper, the FE-ICT has been implemented for simulation of the transient motion of the two-fluid interfaces in nonlinear porous media flow. The stabilized FE-ICT is a technique based on solving the Navier-Stokes equations and the advection equation over a fixed mesh domain. The interface-smoothing algorithm is also implemented in the FE formulation. The stabilization terms provided good accuracy and stability to the FE solutions. The paper has included the review of two types of time integration methods. The fully implicit method has shown good stability and accuracy in solving the time-dependent problem, while the fully explicit method based on the operator splitting method has shown spurious pressure modes, although the stabilization terms are included. The performance of the transient implementation was tested through two classical transient motions of the interfaces in a small and a large-scale dam that are subjected to gradual emptying and rapid filling flow processes, respectively. The computations have shown that this technique is straightforward for modeling transient motion without complexity.
The computation of the problem is very intensive; hence, an efficient implementation is required in order to produce the desired accuracy and to minimize the computation effort. An object-oriented programming using the C++ package of PETSC [12] is under development. Furthermore, we intend to improve the technique by combining the formulation with FEadaptivity around the interface.
